The expected Fourier power-spectrum density is examined with regard to the shape and quality factor Q of features which are predicted to appear in a signal from clumps orbiting near a marginally stable orbit of a compact body. It is shown that clumps distributed randomly in a narrow range of radii produce quasi-periodic oscillations with Q 10 2 , similar to those observed in many low-mass X-ray binaries.
Introduction
Di erent types of astronomical objects exhibit periodic modulation of their signal which contains information about physical properties of the source. Accreting low-mass X-ray binaries (LMXRBs) with quasi-periodic oscillations (QPOs) represent a particular example which has attracted a lot of interest (for recent review see van der Klis 1999). While origin of the QPOs is not fully understood, virtually all viable models introduce inhomogeneities (clumps of gas) in an accretion disk orbiting near a compact neutron star or a black hole. Features which are clearly visible in Fourier power spectra can be attributed to Doppler and lensing e ects modulating the observed signal which comes from those rapidly moving clumps. Oscillations also arise due to some kind of beat frequency with neutron star spin (Miller, Lamb, Psaltis 1998) . The QPO frequencies can be rather high, up to 1300 Hz, which is comparable with dynamical time-scale at the marginally stable orbit of a stellar-mass object, R ms , suggesting distances of only several gravitational radii from the central body. Similar oscillations have been reported in X-rays from some active galactic nuclei (AGN; Papadakis, Lawrence 1995) . Here, central masses are higher by six orders of magnitude and more, so that dynamical time is a few hours. Observational data are somewhat scarce in the case of AGN, compared to Galactic sources, because time-scales are longer and corresponding features in the power spectrum are less sharp than it is with LMXRBs. Still, it appears that orbiting inhomogeneities contribute to the observed X-ray variability of AGN although their presence does not explain the whole variability spectrum on purely kinematic basis. The case of AGN is an issue of much debate, and other (magnetohydrodynamic) processes are clearly important (Abramowicz et al. 1991; Karas 1997) .
We examined the expected variability power spectrum from distribution of clumps orbiting around a compact body. In this note we employ a phenomenological description of the clumps which is adopted, in some form, by present models of the sources with QPOs. These inhomogeneities are visible in a narrow zone of a few gravitational radii (where luminosity of the accretion disk is maximum) with life-time greatly exceeding corresponding orbital periods. The above-mentioned assumption about the strictly localized radial distribution of the clumps is one of the distinctions of the present work from analogous studies in which short-term featureless X-ray variability of AGN has been explored in terms of a clumpy accretion disk. 1 Fundamental frequency of orbital motion would stand out if all the clumps were aligned along a ring with strictly determined radius. As this will not be the case in more realistic models, it appears relevant to ask how the width of the feature in the power spectrum is modi ed when the clumps are spread in a small but non-zero range of radii. There are at least two reasons why a localized distribution of clumps should be taken into account. First, several instability mechanisms have been proposed which could operate within distances of several R g from the center of relativistic accretion discs and result in trapped perturbations there (Kato, Fukue 1980; Markovi c, Lamb 1998) . And, second, a non-axisymmetric structure of the disk surface will be best visible from the innermost parts of the disk where its radiation and irradiation are much stronger than it is farther from the center (e.g., Matt, Perola, Piro 1991; Pariev, Bromley 1998) . Peaks in the Fourier spectrum 2 V. Karas Vol. 00, corresponding to the localized distribution of the clumps can be characterized by the quality factor Q = = (peak's centroid frequency divided by its full width at half maximum), and by harmonic content of the signal. We considered di erent distributions of the clumps, as characterized by their number density and local emissivity. Here we report the main conclusion of this study, namely, we show that maximum expected values of parameter Q are of the order of one hundred and they can be as large as 3 10 2 . We will also show typical examples of the expected power spectrum with its harmonic content which is rather strong at medium and large (i.e. edge-on) inclination. Fig. 3 . As in Fig. 2 but for radial distribution of the sources with two maxima at slightly di erent radii in the disk (maximum emitted ux is superposition of two Gaussian curves, each given by eq. (2)). Two neighbouring peaks are determined by Keplerian frequencies at radii corresponding to local maxima in number density of the clumps distribution.
2. Q-factor and harmonic content of the power spectrum
We assumed modulation of the observed signal by self-radiating or irradiated clumps orbiting on circular orbits in Schwarzschild metric. Superposition of independent contributions from a large number (N 1) of such clumps and the noise component are the only sources of variability in this toy model. 2 Each clump represents a spot revolving with Keplerian frequency k = M 1=2 r ?3=2 =(2 ) (geometrized units). (For illustration: Keplerian frequency in Schwarzschild metric with M = 2M ranges down from its maximum value of 1.1 kHz which is acquired at R ms .) All these spots reside in a plane which coincides with an equatorial disk. Propagation of light from a source near a black hole to a distant observer has been treated by many authors within di erent contexts, and we used one of the codes developed in the past to calculate observed pro les of frequency integrated light curves within geometrical optics approximation (Karas et al. 1992 ; see Kato et al. 1998 for a recent text-book exposition of the subject and further references). Orbital radius R s and observer's inclination 0 are two free parameters determining the pro le pro-2 Similar situation has been discussed in various contexts. For example, in the beat-frequency model of QPOs one considers modulation of signal by clumps near the sonic point (Miller et al. 1998 ). However, the assumption about circular orbits is clearly a simpli cation which calls for further discussion. Stella & Vietri (1999) suggest that eccentric orbits of the clumps could explain non-constant separation of twin kHz peaks detected, e.g., in Sco X-1 and 4U 1608-52.
No
this condition will be assumed hereafter.) Given the two parameters, numerically calculated light curves were approximated by simple formula which captures the shape of the pro le (the Doppler and the lensing enhancements included). This approach then enables us to carry out fast superposition of hundreds of mutually independent sources which are spread over certain range of R s (Karas 1997) . To do this, one also adopts that life-time of the sources is much longer than their orbital period, and one has to prescribe radial dependence of local emissivity (e.g., a power-law). Resulting light curve in time domain is the sum F ( 0 ) = P N n=1 F n (R s ; 0 ), and the power spectrum P ( ) is obtained by Fourier transform F !F in standard manner (Born, Wolf 1964 (1) where 1 = const. We assumed locally isotropic emissivity of all sources in the frame corotating with the disk matter. The clumps are generated with random orbital phases and discarded after several orbits. The uctuating signal is mean-subtracted and submitted to Fourier analysis.
We explored also various modi cations of the clumps distribution, in particular, the power-law (1) (with sharp edges at R min and R max ) can be substituted by a smooth Gaussian-type pro le: 2) where R cen = R min + 1 2 R, 2 = const > 0. Such ux distribution leads to more familiar shape of peaks in the power spectrum but, obviously, the choice of a particular relation requires to specify the underlying physical mechanism producing and maintaining the clumps (which is beyond the scope of the present paper). It has been proposed and discussed by several authors that a gap in the disk can be opened where gas is swept out. This is caused by resonances due to commensurability of the orbital period of gas with a distant disturbing secondary, or by direct presence of a dense body (a`planet') in the disk which provokes formation of inhomogeneities on the boundary of the gap. Resulting distribution of spots can be then approximated by superposition of several pro les (2) with di erent R cen and 2 's. Figure 2a shows power-spectrum density predicted by our simulation. The graph exhibits a typical peak around the fundamental orbital frequency of the clumps, (3{ 4) 10 ?3 cm ?1 , and its harmonics. This plot corresponds to eq. (2) with N = 250, R min = 11M, R = 3M, 0 = 75 o , and 2 = 6. Conversion to physical units is achieved by multiplying frequencies in geometrized units with factor 2 10 5 (M=M ) ?1 . In Fig. 2b , in order to account for high-frequency noise, we also superposed simulated data with a noise component characterized by zero mean and standard deviation = 5%. The noise is naturally enhanced at higher frequencies but it does not much in uence values of Q which refer to peaks in the Fourier spectrum at lower frequency. Figure 3 illustrates a more complicated situation when radiation ux emitted by the clumps in the disk has two maxima at di erent radii (superposition of two pro les (2) with 0 = 25 o and di erent values of R cen;1 = 15M, R cen;2 = 17M; other parameters as in Fig. 2 ). The fundamental peak in the resulting power spectrum is split into two neighbouring components, and the signal has strong harmonic content even at moderate inclination. Figure 4 shows the resulting quality factors for di erent distributions of the clumps. Here we give the maximum expected Q corresponding to eq. (1) with no noise component present in the signal (the values are decreased by noise which increases width of the peaks). Other parameters of the distribution were N = 250, 1 = 1.
Here, values of Q were averaged over di erent inclina-4 V. Karas
Vol. 00, tions: 0 = 25 o , 50 o , and 75 o . It turns out that Q depends only weakly on 0 . This conclusion can be understood by realizing that the redshift factor depends (up to relativistic corrections; Cunningham 1975) on cos 0 and determines both the centroid energy of radiation from an orbiting source and full width of the observed feature. Consequently, 0 -dependence of Q is not particularly strong provided one accepts restriction to 0 < 75 o and r > R ms , as we do in this graph. However, let us note that the harmonic content of the signal does depend on inclination. This is because the light curve of a source orbiting at small inclination resembles a sine pro le, while it gets distorted by the lensing e ect for large 0 ( > 70 o ). In other words, power in higher harmonics increases when inclination increases and/or mean life-time of the spots decreases (to be speci c, we assumed 5 orbital periods as typical life-time in our examples). Power spectrum thus has potential to reveal orientation of the disk plane. On the other hand, excessive amount of power in overtones can be used to restrict validity of the model. The abovegiven results are not very sensitive to the assumed local size of the clumps provided it is much less than R s , and to the life-time of the spots provided it is much longer than corresponding orbital period.
In our toy model, it appears quite natural that Q increases with radius as it is seen in Fig. 4 ( R=R min decreases when radius increases). One should however notice that Q > 10 2 also near R ms . As these results are not very sensitive to the values of free parameters, one can consider comparisons with observational data for particular objects (work in progress).
Conclusions
We presented a quantitative study of the expected variability power spectrum relevant for models of quasiperiodic oscillations. Orbital motion of the clumps and their distribution within a narrow range of radii are essential. The adopted phenomenological description of the source employs clumps orbiting in Schwarzschild metric, and it can be considered as the rst approximation to more realistic models of inhomogeneous disk-type accretion ows around black holes and neutron stars. Incompleteness of the present treatment results in free parameters which are not strictly determined here, but we checked that the main results (namely, the quality parameter Q) are not strongly sensitive to reasonable variations of parameter values.
Discussion of the power spectrum presented in this paper is a standard starting point of the Fourier analysis. It will be extended further by examining also Fourier phases and their possible coherence which should naturally appear due to orbital motion of the clumps with life-times substantially exceeding dynamical time (Abramowicz et al. 1997; Karas 1997 ). It appears that the wavelet analysis (e.g., Starck, Murtagh, Bijaoui 1998 ) is better suited for this task than more usual approach which is o ered by Fourier analysis.
